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Fast sampling algorithm for Lie-Trotter products
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A fast algorithm for path sampling in path-integral Monte Carlo simulations is proposed. The algorithm
utilizes the Lévy-Ciesielski implementation of Lie-Trotter products to achieve a mathematically proven com-
putational cost ofi logy(n) with the number of time slices, despite the fact that each path variable is updated
separately, for reasons of optimality. In this respect, we demonstrate that updating a group of random variables
simultaneously results in loss of efficiency.
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Path sampling in path-integral Monte Carlo simulationscomputes entire paths every time has a computational effort
becomes more difficult in the limit of a large number of pathproportional ton, we see that the proposed algorithm is
variables or time slices, not only because of the buildup ohighly efficient.
correlation among the variables that are sampled, but also \We commence by casting an arbitrary Lie-Trotter product
because of the shear increase in the number of random vaih the Lévy-Ciesielski form. In order to do so, we first enu-
ables. Over time, various approaches have been attemptedpdferate the basic properties of the Lévy-Ciesielski series rep-
order to overcome the slowing down of the simulation. Forresentation of the Brownian bridge. For more details, the
direct sampling of Lie-Trotter products, among the most SuUCieader is advised to consult Ref0—17. Fork=1,2,... and
cessful are the staging meth¢d], the threading algorithm j=1,2,...,% the Schauder functior;(u) are generated

[2], the bisection Tetho@3], and” the multigrid techniqge by translations and dilatations of the function
[4]. The so-called “normal mode” and Fourier formulations

of path integrals have also been shown to improve sampling
[5—7]. The last techniques are part of a larger class of path-
integral methods, a class that is called the random series Firaw=11-u, ue (12,9, (1)
implementation8]. To give a few examples, the computa- 0, elsewhere.
tional effort in most random series approaches scales as
with the number of path variables, whereas the bisectioMore precisely, we have
method may reduce the effort down d* [3].

The random series approach, at least in the primitive Frj(u) = 276D, (2 Tu—j+1) 2)
form, is not particularly efficienf8]. However, it reveals the
incredibly large variety of possible different path-integral for k=1 and 1I<j
formulations, while also being suggestive of more optimal If we multiply them by 292, the Schauder functions
approache$9]. At the same time, it shows the strong con- make up a pyramidal structure organized in layers indexed
nection that exists between these different forms, a conned k, as shown in Fig. 1. The suppoftfie sets on which the
tion that is realized by means of certain orthogonal transforfunctions do not vanishof the Schauder functions are the
mations. For Lie-Trotter products, Predescu and Db0]  open intervals of the forntuy 1, uy ), for 1<j=<2"* where
have shown that there is an infinity of possible normal-modali;j=j2 . The supports arelisjoint for functions corre-
representations, which can be obtained one from the other B§ponding to the same lay&r Because of this property, we
certain orthogonal transformations. One such transformatiohave the equality
leads to the Lévy-Ciesielski representation, which has very
special properties when it comes to numerical implementa- 0.50
tion. For instance, it allows for fast computation of paths,
with a scaling ofn log,(n) for an entire path, as opposed to

u, ue(0,1/2],

<k

n?, for other representations. The only restriction is that the g
number of time slices must be of the foms 2, a condition 20.251 {

.. . . _LT-. . /\ ,'\
reminiscent of the fast Fourier transform. The algorithm we + \ / \\
propose for the sampling of Lie-Trotter products utilizes the o \ /

Lévy-Ciesielski representation to achieve a similar goal:
sampling inn log,(n) operations of entire paths, while updat-
ing each path variable individually. Since any algorithm that 0.0 0.5 1.0

FIG. 1. A plot of the renormalized Schauder functions for the
*Electronic address: cpredescu@comcast.net layersk=1, 2, and 3, showing the pyramidal structure.
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2k21 Py, X") = (27u) Y2 exd - (X' - x)%/(2u)]. (6)

ay iFy(U) = ay k141 F i k-4 2(1) (3)
j=1 bl FEPAT I e Using this observation, the notation(u)=x+(x’-x)u, and

the definitions?=#%B/m,, one easily proves that the joint

for any sequence of numbesg .z ... a1 Here,IXl o ion of the random variables

denotes the largest integer smaller or equ&, twhereas for

u=1, the quantitiesy -1.; andFy x-1,,(1) are defined to be k
equal to 0. X:(U) + 02 & a1 141F -1 (W) (7)
Let {a;;k=1,2,...;j=1,2,...,% % be an infinite se- w o R

quence of independent identically distributed standard nor-
mal variables. From Eq(3) and the Lévy-Ciesielski con- for j=1,2,... nis given by the formula
struction of the Brownian bridggl0-19, we have that
- pozul(x1xl) pJZ(uZ—ul)(Xl,Xz) T DUZ(l_un)(Xn,X')/pUZ(X,X’).

BSZE ak’[zk—lu]+1Fky[2k—lu]+l(U) . (4) (8)
k=t Because the density matrix of a free particle is strictly
In other words, the right-hand side random series is equal ipositive, any short-time approximatiopy(x,x’; ) can be

distribution to a standard Brownian bridge. put in the product form
Let n=2¢-1 be a fixed number and consider the equidis-
tant pointsu;=j27, with 1<j<2%-1=n (these points were po(X,X"; B) = prp(X,X"; BIro(X,X"; B). (9)

denoted before byy,,;, but we shall drop the indek+1 to _ _
avoid cluttering the formulas Because the Schauder func- Letting X=X, X,.1=X’, Up=0, andun,,=1, thenth-order Lie-
tions Fy;(u) vanish at these points for all levelsk+1, it Trotter product obtained from the short-time approximation

follows that the random sums considered above takes the form
k n
|21 & [2-1u1+1F1 210 102 (Yy) P X8 =] L1 poziy-u, (% Xis1)
= R"i=0
for j=1,2,... n have a joint distribution equal to the joint n
distribution of the random variable& . By the definition of X TT ro0x,Xi1;8125d%, -+ dx,.  (10)
j=0

the Brownian bridge, the joint distribution of the latter vari-

ables is given by the formula From the last equation and the fact that the distribution given

1 . by Eg.(8) is the distribution of the random variables appear-
Py, (0.X) Py, (X1, %)+ P1-y (X, 0, (5)  ing in Eq. (7), we readily obtain the followingLévy-

P(0.0 Ciesielski form of Lie-Trotter productfor n+1=2¢ time
with p,(x,x") defined by slices:
|
K 2I—1
Pn(X%:X"; B) = pip(X, X’ ﬁ)f dal,l"'f dak,zk-l(ZW)_nIZH II exp(- a12,i/2)
R R I=1 i=1

n k k
X H rO[Xr(Uj) + O'E al,[2"1uj]+1FI,[2"1uj]+1(uj)a Xr(Uj+1) + O'E a|V[zl—luj+l]+1|:|Y[Zl—luj+1]+1(ul'+l);IB/ZK:| . (11)
j:O =1 =1

This formula had been introduced in R¢f.0], albeit for  (n+1)log,(n+1) operations for a whole path.

some specialized short-time approximations. As announced in the beginning of this Communication, a
We have already mentioned that one of the advantagesecond advantage of the Lévy-Ciesielski form is that it al-

of the Lévy-Ciesielski form for Lie-Trotter products is that lows for fast Monte Carlo samplingf the distribution given

it enablesfast computation of pathglQ], while maintain- by the right-hand side of Eq11). The algorithm is as fol-

ing the random series appearance of the final expressiotows: A trial move is proposed for all'? variablesa,; that

This is so because for eaak), one needs to perform a correspond to a single levél However, the acceptance/

number of k=log,(n+1) operations in order to compute rejection decision is taken individually for each path vari-

the coordinatey; of the path. This translates into a scaling of able, because these variables are statistically independent. To
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see this, first observe that the part of the product distributiotional to (n+1)log,(n+1). Since any algorithm must have a
in Eqg. (11) that only involves the path variables for the layer scaling of at leash+1 [this is the computational effort nec-

| factorizes as essary to evaluate the distribution given by Etfl) for any
update attempt we see that the technique is extremely effi-

2t 2 2t cient, especially given that all variables are moved sepa-

[Ty @m™z@i  I1  ro| x(u) rately. Of the variablesy ;, the most difficult to sample is

=1 j=(i-p2k*e a; ;, because its distribution stretches over a larger region
k [the distance covered by a variabé; is of the order

2707V for low temperaturds Therefore, the overall com-

putational effort to perform an accurate sampling of all vari-
) ables also scales &s+1)log,(n+1).

The reader may ask why we have insisted on updating

X (U1 + 0> 8 a1, Fi 21 (Uisy); BI2 ; indivi : :
r\tj+1 =~ 270 L2 g [+ 1A+ 1 each path variable individually. The answer is that there is a
B loss of efficiency if we try to update more than one path
(12 variable at a time. We shall prove this assertion in the re-

) . mainder of the paper. Let us assume we are given a finite
No two factors defined by the curly brackets contain the ; : . : it
same variable, ;. Indeed, giveri € {1,2, ... 4 only the collection Xy, X5, ... X, of independent identically distrib

. S uted random vector§.i.d.r.v’s), taking values in some space
function F,;(u) may be nonzero for the valuag with (i pd | ot ,(x), with x € RY, be the normalized distribution of

—1)2k < <i2k_—l+l_ .Thus, each fac_tor defined by the curly any of the random vectors,. By independence, the overall
brackets appearing in E¢12) contains one and only one gistribution is given by the produch(xy)p(Xy)- - p(X,),

varlabcljeau. c;l’heregoret,j thg Vaﬂabllﬂe&,i arg a?d S,hmfld, b€ \which is a distribution on the spad¥’". Assume we attempt
treated asndependenturing the Monte Carlo simulation. , \,n4ate all variables at once, using a trial distribution

Each proposad ;— a/; must be tested separateliging the ;
weight given by the appropriate factor and accepted or re;'l;w(()elrlJ);lc);—égiézzz/{/i-tggﬂé;)ﬁil}ge MOVe t0ly1,Yz, - Yo IS
jected according to the Metropolis-Hastings rule.

Let us analyze the efficiency of the algorithm. First, there
are k=log,(n+1) layers. For each layer, one evaluates the
functionry(x,x"; B) exactlyn+1 times, in order to update all
variables from the layer, individually. Thus, the computa-and rejected with the remaining probability. The average ac-
tional effort to update all variables individually is propor- ceptance probabilityd is given by the formula

+o> ai,[2|‘1uj]+1FI,[2"1uj]+1(uj)a
=1

. " p(y)T(xly;)
1 3 3
mim 1 E p(X) T(yi[x) (13

ﬁ p(y)T(Xily;)

i1 PO T(yilx;) (19

A(n) = f , xadys f N dXpdynp(X) T(ya[Xq) * - p(Xp) T(Yn|X,)miny 1,
R R

In these conditions, we have the following theorem that
guarantees that simultaneous sampling of i.i.d.r.v's is ineffi- E[f(X,Y)] = N p()T(y[x)f(x,y)dxdy.
cient. R

Theorem 1 (Bad sampling of i.i.d.rvsfxcept for the  Then Eq.(14) can be written as
ideal caseT(y|x)=p(y) wheneverT(y|x)+#0, there is a )
strictly positive constantl such that . p(Y)T(Xi|Y))

AN =E;--E,ming 1,][ =———-—-¢. (@17
S { ic1 POX)TCYI[X))

A(n) ~ e, (15) . o
Now, consider the identity
This constant is given by the relative Shannon entropy IE[ p(Y)T(X|Y:)
)T(xly) iz1 PO TCYI[X)
y)T(Xly
H=- f p(X)T(yIX)Iog{p—}dxdy- (16) " ATOGIY:
20 p()T(Y[X) I O {p(v.)T(X.IYJ]
’ exp( " nz 09 p(X)T(Yi[X) - 18

Proof of the theoremFor convenience, we Idi denote
the expected value against the distributjeix)T(y|x), i.e.,  The expression inside the curly brackets is a “time” average
for some arbitrary functiori(x,y), of independent identically distributed random variables. By
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the law of large numbers, this time average will converge tg(y)=T(y|x), wheneverT(y|x) # 0. The proof of the theo-
a constant function, the value of which is the “space” aver+em is concluded.

age We have therefore demonstrated that there is a loss of
efficiency if simultaneous updating of path variables is at-
H i 1% | |:p(Yi)T(Xi|Yi):| tempted, even for uncorrelated variables. If simultaneous
==Ilm -2 log| ————— i i i
n NS pOO)T(Y,[X) sampling is performed, one must modify the proposal

T(y|x), so that the Shannon entropy decreases with the di-
p(V)T(X|Y) mensionality at a rate faster thad(1/n). Straightforward
=-kylo (X)T—(Y|X) : (19 calculations show that, if the proposkly | x) is uniform in a
P d-dimensional hypercube centered about the previous posi-
Remembering the definition df, we see that the right-hand tion, the maximal displacements must be decreased at a rate
side of the previous equation is the Shannon entropy of théster than or equal t6(n"*/?), in order to prevent the severe

probability measurep(x)T(y|x) relative to the measure degradation of the quality of the simulation predicted by
p(y)T(x]y). It is always non-negative and, in fact, it is theorem 1. For arbitrary random series, there is little choice:

(strictly) positive except for the case either we decrease the maximal displacements or update each
path variable individually, in both cases at a total cost pro-
P(T(XY) = () T(y[x). (20 portional ton? [13].

. _ _ However, for the Lévy-Ciesielski representation, the ran-
To prove the last assertions, notice that tiogis a  dom variables can be updated individuallyrifog,(n) op-
strictly convex function and remember Jensen’s inequalityerations, where is the number of time slices. For this rea-

which in this case says son, as well as for the property of fast computation of paths,
. . we believe that the sampling algorithm we have presented
E{=log[f(X,Y)]} = = log{E[f(X,Y)]}, will prove to be a valuable tool for all path-integral simula-

tions that are implemented via Lie-Trotter products. Again,
the main property of the Lévy-Ciesielski representation that
P(Y)T(X|y)} g has enabled the development of this algorithm is the fact that

with equality if and only iff(X,Y) is constant. Then,

the path variables corresponding to a same layer are statisti-

H=- f p(X)T(yX)Iog{
pd

p(X)T(y[x) cally independent.
T X . . . .
= “log J p(x)T(y|x)p(y) (xly) axav | = 0. This work was supported in part by the National Science
R2d p(X)T(y|x) Foundation under Grant No. CHE-0345280; by the Director,

Office of Science, Office of Basic Energy Sciences, Chemi-
Equation(15) follows from Eqs.(17)—(19), together with the cal Sciences, Geosciences, and Biosciences Division, U.S.
observation that mifl,exg—Hn)}=exp(—Hn), sinceH=0.  Department of Energy under Contract No. DE ACO03-
Equation(20) follows from the second part of Jensen’s in- 65SF00098; and by the U.S.-Israel Binational Science Foun-
equality. It is readily seen to be equivalent to the statementiation Award No. 2002170.
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