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A fast algorithm for path sampling in path-integral Monte Carlo simulations is proposed. The algorithm
utilizes the Lévy-Ciesielski implementation of Lie-Trotter products to achieve a mathematically proven com-
putational cost ofn log2snd with the number of time slicesn, despite the fact that each path variable is updated
separately, for reasons of optimality. In this respect, we demonstrate that updating a group of random variables
simultaneously results in loss of efficiency.
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Path sampling in path-integral Monte Carlo simulations
becomes more difficult in the limit of a large number of path
variables or time slices, not only because of the buildup of
correlation among the variables that are sampled, but also
because of the shear increase in the number of random vari-
ables. Over time, various approaches have been attempted in
order to overcome the slowing down of the simulation. For
direct sampling of Lie-Trotter products, among the most suc-
cessful are the staging methodf1g, the threading algorithm
f2g, the bisection methodf3g, and the multigrid technique
f4g. The so-called “normal mode” and Fourier formulations
of path integrals have also been shown to improve sampling
f5–7g. The last techniques are part of a larger class of path-
integral methods, a class that is called the random series
implementationf8g. To give a few examples, the computa-
tional effort in most random series approaches scales asn2

with the number of path variables, whereas the bisection
method may reduce the effort down ton1.4 f3g.

The random series approach, at least in the primitive
form, is not particularly efficientf8g. However, it reveals the
incredibly large variety of possible different path-integral
formulations, while also being suggestive of more optimal
approachesf9g. At the same time, it shows the strong con-
nection that exists between these different forms, a connec-
tion that is realized by means of certain orthogonal transfor-
mations. For Lie-Trotter products, Predescu and Dollf10g
have shown that there is an infinity of possible normal-mode
representations, which can be obtained one from the other by
certain orthogonal transformations. One such transformation
leads to the Lévy-Ciesielski representation, which has very
special properties when it comes to numerical implementa-
tion. For instance, it allows for fast computation of paths,
with a scaling ofn log2snd for an entire path, as opposed to
n2, for other representations. The only restriction is that the
number of time slices must be of the formn=2k, a condition
reminiscent of the fast Fourier transform. The algorithm we
propose for the sampling of Lie-Trotter products utilizes the
Lévy-Ciesielski representation to achieve a similar goal:
sampling inn log2snd operations of entire paths, while updat-
ing each path variable individually. Since any algorithm that

computes entire paths every time has a computational effort
proportional ton, we see that the proposed algorithm is
highly efficient.

We commence by casting an arbitrary Lie-Trotter product
in the Lévy-Ciesielski form. In order to do so, we first enu-
merate the basic properties of the Lévy-Ciesielski series rep-
resentation of the Brownian bridge. For more details, the
reader is advised to consult Refs.f10–12g. Fork=1,2, . . . and
j =1,2, . . . ,2k−1, the Schauder functionsFk,jsud are generated
by translations and dilatations of the function

F1,1sud = 5u, u P s0,1/2g,

1 − u, u P s1/2,1d,

0, elsewhere.
6 s1d

More precisely, we have

Fk,jsud = 2−sk−1d/2F1,1s2k−1u − j + 1d s2d

for kù1 and 1ø j ø2k−1.
If we multiply them by 2−sk−1d/2, the Schauder functions

make up a pyramidal structure organized in layers indexed
by k, as shown in Fig. 1. The supportssthe sets on which the
functions do not vanishd of the Schauder functions are the
open intervals of the formsuk,j−1,uk,jd, for 1ø j ø2k−1, where
uk,j = j2−sk−1d. The supports aredisjoint for functions corre-
sponding to the same layerk. Because of this property, we
have the equality
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FIG. 1. A plot of the renormalized Schauder functions for the

layersk=1, 2, and 3, showing the pyramidal structure.
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o
j=1

2k−1

ak,jFk,jsud = ak,f2k−1ug+1Fk,f2k−1ug+1sud, s3d

for any sequence of numbersak,1,ak,2, . . . ,ak,2k−1. Here, fxg
denotes the largest integer smaller or equal tox, whereas for
u=1, the quantitiesak,2k−1+1 andFk,2k−1+1s1d are defined to be
equal to 0.

Let hak,j ;k=1,2, . . . ; j =1,2, . . . ,2k−1j be an infinite se-
quence of independent identically distributed standard nor-
mal variables. From Eq.s3d and the Lévy-Ciesielski con-
struction of the Brownian bridgef10–12g, we have that

Bu
0=

d

o
k=1

`

ak,f2k−1ug+1Fk,f2k−1ug+1sud. s4d

In other words, the right-hand side random series is equal in
distribution to a standard Brownian bridge.

Let n=2k−1 be a fixed number and consider the equidis-
tant pointsuj = j2−k, with 1ø j ø2k−1=n sthese points were
denoted before byuk+1,j, but we shall drop the indexk+1 to
avoid cluttering the formulasd. Because the Schauder func-
tions Fl,isud vanish at these points for all levelsl ùk+1, it
follows that the random sums

o
l=1

k

al,f2l−1ujg+1Fl,f2l−1ujg+1sujd

for j =1,2, . . . ,n have a joint distribution equal to the joint
distribution of the random variablesBuj

0 . By the definition of
the Brownian bridge, the joint distribution of the latter vari-
ables is given by the formula

1

p1s0,0d
pu1

s0,x1dpu2−u1
sx1,x2d)

¯ p1−un
sxn,0d, s5d

with pusx,x8d defined by

pusx,x8d = s2pud−1/2 expf− sx8 − xd2/s2udg. s6d

Using this observation, the notationxrsud=x+sx8−xdu, and
the definitions2="2b /m0, one easily proves that the joint
distribution of the random variables

xrsujd + so
l=1

k

al,f2l−1ujg+1Fl,f2l−1ujg+1sujd s7d

for j =1,2, . . . ,n is given by the formula

ps2u1
sx,x1dps2su2−u1dsx1,x2d ¯ ps2s1−undsxn,x8d/ps2sx,x8d.

s8d

Because the density matrix of a free particle is strictly
positive, any short-time approximationr0sx,x8 ;bd can be
put in the product form

r0sx,x8;bd = r fpsx,x8;bdr0sx,x8;bd. s9d

Letting x0=x, xn+1=x8, u0=0, andun+1=1, thenth-order Lie-
Trotter product obtained from the short-time approximation
considered above takes the form

rnsx,x8;bd =E
Rn

p
i=0

n

ps2sui−ui+1dsxi,xi+1d

3 p
j=0

n

r0sxj,xj+1;b/2kddx1 ¯ dxn. s10d

From the last equation and the fact that the distribution given
by Eq.s8d is the distribution of the random variables appear-
ing in Eq. s7d, we readily obtain the followingLévy-
Ciesielski form of Lie-Trotter productsfor n+1=2k time
slices:

rnsx,x8;bd = r fpsx,x8;bdE
R

da1,1¯ E
R

dak,2k−1s2pd−n/2p
l=1

k

p
i=1

2l−1

exps− al,i
2 /2d

3 p
j=0

n

r0Fxrsujd + so
l=1

k

al,f2l−1ujg+1Fl,f2l−1ujg+1sujd, xrsuj+1d + so
l=1

k

al,f2l−1uj+1g+1Fl,f2l−1uj+1g+1suj+1d;b/2kG . s11d

This formula had been introduced in Ref.f10g, albeit for
some specialized short-time approximations.

We have already mentioned that one of the advantages
of the Lévy-Ciesielski form for Lie-Trotter products is that
it enablesfast computation of pathsf10g, while maintain-
ing the random series appearance of the final expression.
This is so because for eachuj, one needs to perform a
number of k=log2sn+1d operations in order to compute
the coordinateuj of the path. This translates into a scaling of

sn+1dlog2sn+1d operations for a whole path.
As announced in the beginning of this Communication, a

second advantage of the Lévy-Ciesielski form is that it al-
lows for fast Monte Carlo samplingof the distribution given
by the right-hand side of Eq.s11d. The algorithm is as fol-
lows: A trial move is proposed for all 2l−1 variablesal,i that
correspond to a single levell. However, the acceptance/
rejection decision is taken individually for each path vari-
able, because these variables are statistically independent. To
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see this, first observe that the part of the product distribution
in Eq. s11d that only involves the path variables for the layer
l factorizes as

p
i=1

2l−1Hs2pd−1/2e−al,i
2 /2 p

j=si−1d2k−l+1

i2k−l+1−1

r0Fxrsujd

+ so
l=1

k

al,f2l−1ujg+1Fl,f2l−1ujg+1sujd,

xrsuj+1d + so
l=1

k

al,f2l−1uj+1g+1Fl,f2l−1uj+1g+1suj+1d;b/2kGJ .

s12d

No two factors defined by the curly brackets contain the
same variableal,i. Indeed, giveni P h1,2, . . . ,2l−1j, only the
function Fl,isud may be nonzero for the valuesuj with si
−1d2k−l+1ø j ø i2k−l+1. Thus, each factor defined by the curly
brackets appearing in Eq.s12d contains one and only one
variableal,i. Therefore, the variablesal,i are and should be
treated asindependentduring the Monte Carlo simulation.
Each proposalal,i →al,i8 must be tested separatelyusing the
weight given by the appropriate factor and accepted or re-
jected according to the Metropolis-Hastings rule.

Let us analyze the efficiency of the algorithm. First, there
are k=log2sn+1d layers. For each layer, one evaluates the
function r0sx,x8 ;bd exactlyn+1 times, in order to update all
variables from the layer, individually. Thus, the computa-
tional effort to update all variables individually is propor-

tional to sn+1dlog2sn+1d. Since any algorithm must have a
scaling of at leastn+1 fthis is the computational effort nec-
essary to evaluate the distribution given by Eq.s11d for any
update attemptg, we see that the technique is extremely effi-
cient, especially given that all variables are moved sepa-
rately. Of the variablesal,i, the most difficult to sample is
a1,1, because its distribution stretches over a larger region
fthe distance covered by a variableal,j is of the order
s2−sl−1d/2, for low temperaturesg. Therefore, the overall com-
putational effort to perform an accurate sampling of all vari-
ables also scales assn+1dlog2sn+1d.

The reader may ask why we have insisted on updating
each path variable individually. The answer is that there is a
loss of efficiency if we try to update more than one path
variable at a time. We shall prove this assertion in the re-
mainder of the paper. Let us assume we are given a finite
collection X1,X2, . . . ,Xn of independent identically distrib-
uted random vectorssi.i.d.r.v’sd, taking values in some space
Rd. Let rsxd, with xPRd, be the normalized distribution of
any of the random vectorsXi. By independence, the overall
distribution is given by the productrsx1drsx2d¯rsxnd,
which is a distribution on the spaceRdn. Assume we attempt
to update all variables at once, using a trial distribution
Tsy1ux1dTsy2ux2d . . .Tsynuxnd. The move tosy1,y2, . . . ,ynd is
then accepted with probability

minH1,p
i=1

n
rsyidTsxiuyid
rsxidTsyiuxid

J , s13d

and rejected with the remaining probability. The average ac-
ceptance probabilityA is given by the formula

Asnd =E
R2d

dx1dy1 ¯ E
R2d

dxndynrsx1dTsy1ux1d ¯ rsxndTsynuxndminH1,p
i=1

n
rsyidTsxiuyid
rsxidTsyiuxid

J . s14d

In these conditions, we have the following theorem that
guarantees that simultaneous sampling of i.i.d.r.v’s is ineffi-
cient.

Theorem 1 (Bad sampling of i.i.d.r.v’s). Except for the
ideal caseTsy uxd=rsyd whenever Tsy uxdÞ0, there is a
strictly positive constantH such that

Asnd , e−Hn. s15d

This constant is given by the relative Shannon entropy

H = −E
R2d

rsxdTsyuxdlogFrsydTsxuyd
rsxdTsyuxdGdxdy. s16d

Proof of the theorem. For convenience, we letE denote
the expected value against the distributionrsxdTsy uxd, i.e.,
for some arbitrary functionfsx ,yd,

EffsX,Ydg =E
R2d

rsxdTsyuxdfsx,yddxdy.

Then Eq.s14d can be written as

Asnd = E1 ¯ En minH1,p
i=1

n
rsYidTsXiuYid
rsXidTsYiuXid

J . s17d

Now, consider the identity

p
i=1

n
rsYidTsXiuYid
rsXidTsYiuXid

= expS− nH−
1

n
o
i=1

n

logFrsYidTsXiuYid
rsXidTsYiuXid

GJD . s18d

The expression inside the curly brackets is a “time” average
of independent identically distributed random variables. By
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the law of large numbers, this time average will converge to
a constant function, the value of which is the “space” aver-
age

H = − lim
n→`

1

no
i=1

n

logFrsYidTsXiuYid
rsXidTsYiuXid

G
= − EHlogFrsYdTsXuYd

rsXdTsYuXdGJ . s19d

Remembering the definition ofE, we see that the right-hand
side of the previous equation is the Shannon entropy of the
probability measurersxdTsy uxd relative to the measure
rsydTsx uyd. It is always non-negative and, in fact, it is
sstrictlyd positive except for the case

rsydTsxuyd = rsxdTsyuxd. s20d

To prove the last assertions, notice that −logsxd is a
strictly convex function and remember Jensen’s inequality,
which in this case says

Eh− logffsX,Ydgj ù − loghEffsX,Ydgj,

with equality if and only if fsX,Yd is constant. Then,

H = −E
R2d

rsxdTsyuxdlogFrsydTsxuyd
rsxdTsyuxdGdxdy

ù − logFE
R2d

rsxdTsyuxd
rsydTsxuyd
rsxdTsyuxd

dxdyG = 0.

Equations15d follows from Eqs.s17d–s19d, together with the
observation that minh1,exps−Hndj=exps−Hnd, sinceHù0.
Equations20d follows from the second part of Jensen’s in-
equality. It is readily seen to be equivalent to the statement

rsyd=Tsy uxd, wheneverTsy uxdÞ0. The proof of the theo-
rem is concluded.

We have therefore demonstrated that there is a loss of
efficiency if simultaneous updating of path variables is at-
tempted, even for uncorrelated variables. If simultaneous
sampling is performed, one must modify the proposal
Tsy uxd, so that the Shannon entropy decreases with the di-
mensionality at a rate faster thanOs1/nd. Straightforward
calculations show that, if the proposalTsy uxd is uniform in a
d-dimensional hypercube centered about the previous posi-
tion, the maximal displacements must be decreased at a rate
faster than or equal toOsn−1/2d, in order to prevent the severe
degradation of the quality of the simulation predicted by
theorem 1. For arbitrary random series, there is little choice:
either we decrease the maximal displacements or update each
path variable individually, in both cases at a total cost pro-
portional ton2 f13g.

However, for the Lévy-Ciesielski representation, the ran-
dom variables can be updated individually inn log2snd op-
erations, wheren is the number of time slices. For this rea-
son, as well as for the property of fast computation of paths,
we believe that the sampling algorithm we have presented
will prove to be a valuable tool for all path-integral simula-
tions that are implemented via Lie-Trotter products. Again,
the main property of the Lévy-Ciesielski representation that
has enabled the development of this algorithm is the fact that
the path variables corresponding to a same layer are statisti-
cally independent.
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